Invariants of the LWIR Thermophysical M odel

D. Gregory Arnold
Air Force Research Lab
Target Recognition Branch
2241 Avionics Circle, WPAFB, Ohio 45433
garnold@mbvlab.wpafb.af.mil

Kirk Sturtz
Veridian Incorporated

5200 Springfield Pike,Suite 200, Dayton,Ohio 45431

ksturtz@mbvlab.wpafb.af.mil

Abstract

The temperature of a surface viewed by a long-wave in-
frared camera can be predicted by a thermophysical model
(a conservation of energy statement at the surface of a
unit volume). However, this prediction currently requires
at least 24 hours of previous imagery in order to estimate
the parameters of the model. Absolute invariants, rela-
tive invariants, and quasi-invariants provide three possible
methods for circumventing this obstacle. Lie group anal-
ysis is a fundamental tool for systematically exploring in-
variance and for finding the appropriate transformations
groups. This paper discussesthe relevant parts of Lie group
analysis and uses them to find the transformation groups
and absolute invariants of the thermophysical model. The
goal is to recognize objects based upon a composition of
materials that are identified using invariant features of in-
frared imagery.

1. Introduction

Lie group analysis provides a constructive method for
determining the transformation groups and invariants de-
fined on a manifold M ; determined by a model equation.
Although the theory discussed will be applied to LWIR sen-
sors, thistechniqueis not sensor specific, thereforeit is ap-
plicable to any sensor available (MMW, EO, IR, RADAR,
etc.). Invariant features provide the foundation upon which
object recognition systems may be rigorously and soundly
constructed. Given an invariant determined analytically, the
constant value an invariant function assumes for a given
class can be determined by a single measurement. In prac-
tice, to account for the variability in the measurement pro-
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cess, several measurements would be taken to determine a
sample mean for the constant value.

This paper analyzes the (thermophysical) conservation
of energy model with Lie groups. From this model, it is
possible to derive the transformation groups and invariants
using Lie group analysis. Therefore, the independence and
linear transformation assumptions made in previous works
will no longer be required [5].

2. The Thermophysical Model

The thermophysical model (Figure 1) is based on the
conservation of energy law from heat transfer theory
f = Wabsorb - VVradiate - Woorwea - Wconducl - Wsore

= [Wia,cos + Wiy Ay — [eoT)]

0T,
0z = 1Cr

- 0. )
Each component is a heat flux (%) and the variables are
further described in[2] and [1].
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3.LieGroup Analysis

The following discourse is a summary of the fundamen-
tal components of Lie group analysis. Theorem 16 shows
an invariant function is induced by an associated group
action. Thistheorem is usually taken as a definition [6, 7].
An exception is Diudonné [4] who used the concept of
induced group actions to determine invariants. This is a
self-contained discourse that attempts to touch only briefly
those components of Lie group analysis that are applicable
to algebraic equations of the form

f@)=0 2
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Figure 1. Energy exchange at the surface of
a viewed object. Incident energy is primarily
in the visible spectrum. Surfaces lose energy
by convection to air, viaradiation to the atmo-
sphere, and via conduction to the interior of
the object. A storage term accounts for any
residual energy.
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Figure 2. Top down view of the major steps in-
volvedin Lie group analysis of algebraic (non-
differential) equations. Each step (and sup-
porting math notation) is discussed in sec-
tion 3.

Figure 3. An intuitive illustration of Lie group
analysis. (A) the manifold defined by a con-
servation equation (ex. surface of a cylinder).
(B) Tangent vectors on the manifold. (C) A Ba-
sis for the Tangent Space at point p. (D) Slices
of the cylinder (circles) represent Absolute In-
variants, @, under rotation. (E) Rotations by 6
represent a transformation group.

where T = (x1,...,2,) € R" and f is a differentiable
function, f € C'*(R). Denote the set of roots of f by
My={zeR": f(z) =0}. 3)

If the differential df # 0 VZ € My then f implicitly de-
finesan n — 1 dimensional manifold. We assume this man-
ifold to be connected®.

A symmetry of M is abijective mapping g of M ¢ such
thatif f(Z) = 0then f(¢9T) = 0. Liegroupanaysiswill de-
termine continuous symmetries only; if the manifold is not
connected, discrete symmetries may exist and cannot be de-
termined by the methods considered here. An example of a
discrete symmetry is reflection. For physical systems, such
as object recognition, discrete symmetries are generally not
anissue.

In general, Lie group anaysis is applicable for sys-
tems of equations, however, any system of equations g; =
Ofori = 1,...,m can be replaced by a single eguation
f=>" ¢ =0inthesensetha My, _,. = M.
Hence, there is no loss of generality in assuming only one
equation. Figure 3 graphically illustrates Lie group analy-
sis.

1A manifold, M, isconnected if to each pair of pointsin M there exists
acurvein M connecting the two points.



3.1. Curvesand Groups of Transformations

A curvein R" isadifferentiable function

S o IR
8*—)(@1,...,0{71)
where I C R is an open interval and a; € R for
j=1,...,n.Acurvein My isacurvein ™ whoseimage

liesin M. By the definition of My this implies .o is a
curvein My if and only if
flap) =0 Veel.

A curve _p in R™ determines n-component functions

“Pa; DY
Pa; =Tj 0P

where
R — R
(a1,...,00) =
is the jt" projection function. Since .y is differentiable
each component function ., must necessarily be differ-
entiable, 0 .o, € C'(I). Thusacurve . can be written
as

mj(e)

L o IR
€ (Payre s Pa,)
whereeach ., € C'(I).

If (.pg,s--->:0,) is a vector field on R™ (so
P, = p,, (T), T € R") then for each fixed e
() = (o, (T), -

. factors
s0 each (T) determines a transformation map of R
given by
(o) o R RY
T (g, (T), -5 P, (T))-
As e varies over [ this determines a family of transforma-

tions {.(7)}-e1.
If the evaluation function at z is defined as

ex(0) :+ CLR™) x ... x CL(R") - R"

n factors
(fl;"'afn) = (fl(f)aafn(j))
then for afixed ¢,
E(AO(E) = 65(5(,0) = (E(AOzl (f), P, (E)) € "
If T istreated as afixed constant then a curve is determined
ase variesover I by

P (E) = ef(o(p)

I—->x"

£ (py, (), -5 oy, (T))-
AsT varies over R”, _p(T) determines afamily of curves,
{.p(T) }zen~, Onefor each point z € R™.

Example 1

- pa (T) € CHR™) x ... x CHR™),

Consider f(z,y,2) = 22 + y> — 2 + 1. Thecurve
«(T) R - R

e (z4e,y,6% + 2z + 2)

isacurvein My forany T = (z,y,2) € My since

flo@) = (@) + (9,(@)° — (9. (@) +1
= (@+e)+yd (¥ +2ze+2)+1
= 22+ —z+1
= 0.
If onefixese = 1 then
1p(e) My — My

(z,y,2) = (z+ 1Ly, 1+ 22 + 2)
determines atransformation of M ;.

The set of transformations {_p(Z)}.c; has a natura
binary operation defined on it given by composition
(pogp)(e) : R* = R"

T = p(50(T)).

A group of transformations { .o(T) }-cr isaset of trans-
formations such that the operation of composition satisfies

i. associativity, .o (s5p 0 W(p) = (Lpogsp)o0 P
ii. thereexistanidentity element 4, and
iii. eacheementin{.o(Z)}.cr hasaninverse.

The transformation _»(T) is a parameterized transfor-
mation of ®™. Since it has a single parameter, the group
of transformations { ¢ (Z)}.cr is called a one-parameter
group of transformations.

A one-parameter group of transformations { .o(T)}cer
is often called a flow because this “visually depicts’ these
transformations: Consider aparticleat point zin R™ at time
e = 0. As ¢ varies the curve _p(T) traces out a trajectory
in R™. This trajectory is the flow of the particle under the
curve .

A one-parameter Lie Group is a group that also carries
the structure of a 1-dimensional differentiable manifold.
This additional structure on a group alows the ability to
speak of continuity and differentiability.

3.2. Tangent Vectorsand Vector Fields

A tangent vector consists of a vector part and a point
of application. We denote a tangent vector by vz =
(v1, v, ...,v,)z Where (vy,va, . .., v,) is“the vector part”
and 7 is the point of application. If _p is a curve then

d| o determinesatangent vector at .

d= =a
Each tangent vector 73 determines a map by
P (®) C'(R") = R
d o
= e f(T + evz)

e=0



where
C'(R™) = The set of differentiable functions on R,

For brevity, one simply writ
d
vz (f) = _r f(@ +evz).
e=0

de

Example 2

If f(z,y,2) = 2% + oy +yz+ 22 — 1,07 = (1,2,0) and
T = (@,9,2) = (1,0,1) then
T+ etz = (1+¢,2¢,1)

SO

_f(f)zd% {1+e)* + (L+e)(20) + (20)(1) + (1) - 1}
= 5:0{382 + 6¢ + 2}
:{66 + 6}5:0
=6.

It is an easy exercise to show tha ovz(f) =
4 E_Of(f +ev;) = 4 0f(gga) for any curve o
through the point Z satisfying d%‘s—of%f = v;.

The set of all tangent vectors at a point T € ™ forms
a vector space of dimension n, caled the tangent space
of R™ at z, which is denoted T7(R"™). If y»(T) = T then
one says “_.p(T) isacurve a z". Let po(T) be a curve
a 7. Then %‘rOE@(E) € TH(R™). It takes n values to
specify the components of the tangent vector uniquely at z.
A vector field on My is afunction o that assigns to each

pointz € My C R™ avector in "
P Mf — R™.

e=

A set of tangent vectors {z}zenr~ 0N R™ determines a
vector field 7 on ™ .
T, : R UEGWTI(% )
D T Uz
where the digoint union

UEE?R"TEGRH)
iscalled thetangent bundle of ™. It formsamanifold of di-
mension 2n. Thetangent vector £ | (7)) € Tx(R") C
e=0

Uyene T(R") and requires 2n values to uniquely specify
it, n values to specify the components of the tangent vector
at T, and n values to specify 7 itself.

A vector field v = (vy,...,v,) On K™ is determined
by n component functions v; € C'(R"). The relation
between a vector field and a tangent vector at Z determined
by the vector field isjust evaluation

65(6) = Uz

Example 3

Given the vector field v = (z2,3z — z,y) and point
T = (1,0,1), the evaluation function determines the
tangent vector

65(5) =UzF = (1, 2,0)

For f(z,y,2) =2® + 2y + yz + 22 — 1,
vz(f) =6

the same result as previously calcul ated.

Lemma4 Let v = (vy,v2,...
f € CHR™). Then

o(f) = Zvja—xj. (4)

,Un,) be a vector field and

Proof: Apply the chain rule. []

By thislemma, it is meaningful to write

o [0
’U(f)— (jz;v]amj> f
and make the identification

n
_ 0
= (v1,02,...,Up) & Zvj—.
. oz
j=1 J

This equivalence between vector fields and tangent vectors
can be formalized using the concept of derivations|[3].

Thus atangent vector, and therefore vector fields as well,
can beviewed as either an ordered n—tuple or as an operator.
It isthis ability to view tangent vectors (vector fields) from
both perspectives that makes them so powerful.

3.3. Tangent Fieldsand Infinitesimal Generators

The set of vector fields over R™ consisting of elements
U= (Ul,UQ,...,Un)
where
v = vj (T) ecC! (%n)
form a module over the ring C'* (R™) with scalar multipli-
cation being componentwise. Since
(go)(e) = C'(R™) — CHR™)
f e (g)(f)
where
R" - R
T (9(T)v7) f
the set of al vector fields satisfying
o(f)=0
form a submodule since
o(f) =0ands(f) =0= (U+35)f =0(f) +5(f) =0
and

[(g0) f1(e)



3(f) =0andg € CL(R") = (gv)f = 0.

We call the elements of this submodule the killing fields
of f. A collection of basis elements for this submodule are
called infinitesimal generators. A set of orthonormal vector
fieldsisa“moving frame” in standard differential geometry
terminol ogy.

There are many ways to determine a basis set. Since
the killing fields form a module in their own right, one can
apply linear algebrato obtain

Theorem 5 Suppose f € C*(R"). If VF(Z) Vf(@)! #
0 VT € My thenany n — 1 columns (rows) of I,,x, —
VIT(VFVT)=IV £, where I, ., isthe matrix consisting
of the constant function 1 on the diagonal and the zero func-
tionin all other entries, forma basis for the killing fields of

I
Proof: See[1]. ]

Example 6

Given

f(z,y,2) = ax + by + cz* a,c# 0.
ThenZ € My if z = +,/— %2t Choosing the positive
root (the results are the same), and making this substitution,
v(f) = 0 gives

o(f) = (a)vs + (b)vy + (2¢ o )v: = 0.
Solving for v, and eliminating this coefficient yields

+ v 0 +v 9
Y O Yoy ' 7oz

ax + by

v =

bo 0 2/ 5 5
- Uy<a3x+8_y>+vz Ea e

The two vector fields on 13 given by

_ b

m = (7)£+6_y
e e )
= a Or 0z

form abasis for thekilling fields of f.

Since the infinitesimal generators form a basis for the
killing fields of f, every vector field v such that 7(f) = 0,
with infinitesimal generators {7,,...,7,_;}, can be
written uniquely as

5:Zﬂh (5)

for some g; € C*(R") fori ; 1,...,n—1

3.4. Computation of Groups of Transformations
from the Infinitesimal Generators

Let

I—-R"

e (0, (T), s 04, (T))
beacurvein R satisfying yp(T) =T € My. Recal pis
acurvein My if and only if

flp) =0

()

Ve € 1.

Theorem 7 Let yp(T) = T € My. Then pisacurvein
My if and onIyifd

@) G (@) = 0.

de
Proof: See[1]. [ |
Written in terms of components this condition reads
d_p(T) A, (T) Of
e V@) = > =g
Jj=1
_ |y te@ o |
e} de 8mj
= 0.
Letting
) J P - dE
resultsin

@ o | (& o
[; de 6—33]] f= [;”J(s@(x))a—x]] f.

Using the identification

ﬁ— Ul, ey U

HZ%%

gives

Theorem 8 If _p(7) isa curve in My and T is a vector

field satisfying =222 — (7)) for j = 1,....,n then

o(f) = 0. Conversely if gp,;]( D = v;(.p(T)) for j =
1L,...,n, @) =% € My andv(f) = 0 then (7) isa
curvein My.

This motivates

Definition 9 The curve p(Z) in My isanintegral curve of
v provided that Ve € I
dp(T)
de

=1(p(@))-



Ifoo(T) = (600, (T), - -+ 005, (F) = (21,...,20) =7
one says the curve _p(Z) starts at =.
Using the previous theorem and the new terminology

gives

Theorem 10 The curve _p(T) in My is an integral curve
of v startingat Z ifand only iffor j = 1,...,n
d.p,; (T)

= P2, (@)

(6)
Groups of transformationsin M ; determined by avector
field T can now be found as follows: Let {77;}7' form a
basisfor v. Each 77, is (can be identified with) avector field
itself.
Solving the system of differential equations
dp(x _ - o
W0 G @ =7
for .po(Z) determines a group of transformations. If
gi € CYR") then g;m, is a vector field such that
9:m;(f) = 0 and the solution to
do(@) N
= = 9mile(@) (@) =T
determines a curve in M ¢, and hence a group of transfor-
mations of A/;. More generaly, since the infinitesimal
generators {7, ...,7,_; } formabasisfor the vector fields
v satisfying@(f) = 0, then for any collection of functions
gGeEC'RY) i=1,...,n-1

)

so the sol utlon to the system of differential equations

(Z gmz> )o@ =T

determines a curve in M, and hence a group of transfor-
mations of M.

The process of solving the equations to find a group of
transformations determined by the vector field v is called
the process of exponentiation.

= V(2 (T), -

it follows

Example 11

For the problem ‘
flz,y,2) =ax +by +cz*=0
it was previously determined one infinitesimal generator is

Y I B
Ny = ( a )% + &

To obtain the group of transformations associated with this

vector field solve

4P, (@ _ a Py +bp

d(pﬁi; = (/- P = T
Py (@

- f;(_) =0 owy = Y
Etpijzg = 1 OLPZ = Z.

Solving the third equation gives

S@Z(m7y7z) = Z_'_E'
Substituting this into the first equation and integrating
gives

_ —2c., | ax+by g?
sww(zayaz)—m+( o )( B e+ 2)

The second equation obviously gives the identity map.
Thus

2@ = (p.(@),0,(T),0.(T))

(4 (T~ 1 %) e te).

It can easily be verified by substitution that these
maps define a group of transformations on M g: Let
(x,y,2) € My and

—2c az + by

= Eapm(x,y,z):x-%(T)( . 5+§)

IS

<

= pylm,y,2) =y
E E@Z(m7y7z) = Z_'_E'

IS

Upon solving these equationsfor (z,y, z) and substitut-
ing into the original equation one obtains
ai + bj + c2? = 0.
Hence (&, 9, 2) € Mjy.

These results can be summarized by

Corollary 12 Let v be a vector field satisfying o(f) = 0.
Eachinfinitesimal generator of v determinesa curvein M ¢.

and

Corollary 13 Let {_p}-c» be a group of transformations
of M, determined by the process of exponentiating. If

f(@) = 0then f(.p(T)) = 0.

The conclusion of Corollary 13 is realy just a tautology
since a group of transformations of A/, meansif T € My
then E(p(f) € Mf.

The set of all such transformations determined by equa-
tion (7) isthe group of symmetriesof A ;, denoted by Sy, .
Clearly it isthe smallest group containing all of the groups
“generated” by theinfinitesimal generators {7,,...,7,_1}
as subgroups. Furthermore, any transformation of A ; can
be determined by solving such a system of equations.

Example 14

The family of curves generated by the vector field o(f)
where f(z,y, 2) = ax + by + cz?, contains (among others)
the family of curves { .o(Z) }ze v, determined by 77,

(T = (0. (@), .0,7),.0.(T))

2¢, [az + by g2
p— (T L e e ).
a —c 2



and the family of curves { .o(T) }ze v, determined by 77,
P@) = (@), 0, (@), .(T))

= <x—(g)s,y+5,z>.

However these are not the only curves. A simple
transformation of the above set of curves produces a new
family of curves { () }zen, Where

2@ = (8,@),.9,7),.0.(T))
= (g D)

This leads to the next topic.

3.5. The Group of Symmetries, Sy,

It was observed that for an infinitesimal generator 77; of
avector field 7 satisfying 7(f) = 0, the solution to

dp(T

=2 = Ti(e@) @ =7
determines a group of transformations. If g; € C'(R")
then g7, is a vector field such that ¢;77;(f) = 0 and the
solution to

d.p(T)

=g9Mi(p(@)  op(@) =T

determinesa curve in M ¢, and hence a group of transfor-

mations of A/;. More generaly, since the infinitesimal

generators{7,, ...,7,_; } formabasisfor the vector fields

v satisfying@(f) = 0, then for any collection of functions
gi € CH(R™) i=1,...,n—-1

<n21 gm) =0

i=1
so the sol ution to the system of differential equations

(Z gﬂh) ()

determl nes a curve in M, and hence a group of transfor-
mations of M y.

The set of all such transformations determined by this
equation is the group of symmetries of A/, denoted by
Swm,.  Clearly it is the smallest group containing all
of the groups “generated” by the infinitesimal generators
{71.-,7,_1} & subgroups. Furthermore, any transfor-
mation of A/ ¢ can be determined by solving such a system
of equations.

it follows

op(T) =T

3.6. Invariant Functions and their Calculation

Suppose one is given the equation f = 0. Let
F(O) : SMfXMf—)Mf
(o, T) = p(T)
bethe Sy, —actionon M;. Then Sy, actson hom(My, i)
in anatura way

['(e) : Sy, xhom(My,R) — hom(M;, R)
(0, @) = o=@
where
[0 % @](e) My =%

T 8(p(T)).
A simple calculation shows I" is a group action.

Definition 15 An element & € hom(AMy,R) isan Sy, —
invariant of hom (M, R) if @ isinvariant under the action
of Spr, onhom(My, R). Inother words, the stabilizer of ¢
iSSMf

{EQOESMf :6¢*(I’:‘I>}25Mf.

From this definition and the given induced action it follows

Theorem 16 Let Sy, be a group acting on a set
hom(M¢,R). Anelement & € hom(M, R) isan absolute
Snr,—invariant of hom (M, ) if and only if

(p(7)) = 2(T)  V.p € Sy,

This necessary and sufficient condition is often taken as
the definition of an absolute invariant function. Though the
definition of an invariant element of the set hom(M ¢, i)
should be expressed in terms of the more fundamental
action

L(e) : S,

(0, T) =

X Mf — Mf
().

The following theorem gives a necessary and sufficient
condition for such an absolute invariant function.

Theorem 17 Let 7, for ¢ = 1,....n — 1 be the infinites-
imal generators for the killing fields of f. Then ® €
hom(My, ) is an absolute Sy, -invariant function if and
onlyifg,(®) =0fori=1,....,n—1.

Proof: See[1]. [ |

Computationally invariant functions can be cal cul ated by
integrating the characteristic equation of each infinitesimal
generator. Given the generator i = 77,(T) 32 + 7;(Z) 5
the characteristic equation is

d.ri _ d.rj

W e v

Example 18

For the standard example problem, the two infinitesimal
generators are

o= a’'0x Oy
—20/-2E 5
mo= ()2 o

a Oxr Oz



For the first tangent vector, 77, , the characteristic equation
is
dx dy

() 1
Integrating gives
axr + by = 1
where ¢; is the constant of integration. Since @ is an
invariant function, it must be constant under the given
transformation, hence an invariant function under the group
of transformations
rT—x——€, Y—y+e, z—z
must be a function with parameters of the form az + by,
that is
g1(az + by, 2)
where g; isan arbitrary function.
For the second tangent vector, 77,, the characteristic

equationis i s

—2 oy 1
(220 -2zt

Integrating shows an invariant function under the
transformation group determined by this generator must be
of theform

g2(ax + by + c2°)
where g is an arbitrary function.

An invariant function under both groups of transforma-
tions must be of the form

® = g3(ax + by + c2?)
where g3 isan arbitrary function. Thusthereare only trivial
invariants defined on the set of al roots of the function
f(z,y,2) = ax + by + c2°.

3.7. Liegroup analysis of Differential Equations

These concepts and theorems can be extended to address
the problem of finding the group of symmetries and invari-
ant functions of differential equations. These tend to be
more difficult to solve because to determine the coefficients
of the vector field v one must solve a system of partia dif-
ferential equations.

Lie group analysis determines the infinitesimal genera-
tors of the (connected) symmetry group of the conservation
equation. Once these generators are known, the invariants
® can be determined by the necessary and sufficient
condition

7:(®) =0 ®
for each infinitesimal generator 77, [6, 7]. The infinitesimal
generators form a basis for the tangent vector & described
below. (The“infinitesimal generators’ are called generators
because they generate the transformation groups associated
with the symmetries of the differential equation.) The pro-
cedure will determine all 1-parameter continuous transfor-
mation groupsof the differential equation. Discrete symme-
tries such as reflection will not be found. Given 5 is the set

of al dependent variables, Z isthe set of all (dependent and
independent) variables, and |Z] is the number of variablesin
T, then the computational procedureis as follows:

Form the tangent vector

T=) v, (f)a%j. 9)

If the differential equation is of order n, then calculate
the n!” prolongation of the tangent vector,

)= — . 0
B J€Ts; g
V7 = (ji,....jx) Suchthat 0 < ji, < |s;,and1 < k < n,
and j # (0,...,0). J,, isthe set of sets of al un-
ordered multi-indices corresponding to the partials with
respect to the parameters of the dependent variables
(s§m>, m=1,...,|s;|), and where
|h]

Vi@ = D <—>—Z<—>§—hh]

. ak+1h
o) g

The coefficients, v, ;, are determined by the requirement
(Priw)(f) = 0. (12)

This more complicated form reduces to the tangent vec-
tor in the case of non-differential equations. This technique
has been applied to the complete differential form of the
conservation statement.

4. Lie Group Analysis of the Conservation
Equation

Section 3 provides the necessary theory and concepts
for performing Lie group analysis of a differential equa-
tion such as the conservation equation (eg. (1)). The finite-
difference approximation of the conservation equation was
analyzed in [1]. The associated transformations and abso-
luteinvariantswere found. Thefollowing section detailsthe
current state of the Lie group analysis of thefull differential
form of the conservation equation.

Starting from equation (1), and relabeling

Wy = Wscost W, = WAy
c1 = Qg Cy =
c3 = —€0 cu = k
Cs = —CT
the conservation equati oq is aT, or,
f = 01Ws +CQW[ +C3TS +h(Too —Ts) +C4E +C5E.

The conservation equation, f, is a first order pa%%?



The conservation of energy equation
The set of independent variables
The set of dependent variables
The set of variables (dependent and independent)
x; |Individua variables from =
|Z| |Length of the vector, Z.
v,; |The prolongation variables associated with each z ;
vit*} | The partial of v, with respect to t and z
D, (f)|Thetotal derivativeof f with respect to z

8wl N~

Table 1. Variables, definitions, and notations
used in this section.

differential equation (PDE) with seven variables, T =
{Ws, Wi, h, T, Ts,t,2z}. The independent variables are
7 ={W,, Wi, h,Tw,t, 2}, and the dependent variables are

5 ={Ts}.
The tangent vector (operator), 7, is found by using
equation (9) from Segt|on37 5
B AT

0 0 0
+or, o U, o5 F U i
where the v, (Z) a€” unknown °coefficients (ar'%ltrary
functions of all the variables) that we seek to determine
such that the infinitesimal criterion (the first prolongation
for afirst order PDE) is setisfied Vz lying on the manifold
determined by the conservation equation. The infinitesimal

criterion may be found by ap%!yi ng the g rst prol ongaation

pPrVg = -z =
r /v UW58W5+UW’8VVI+Uhah+vT°°8T
0 0 0
y— 1
+ur, — aT. +vta + v, 5 (13

+ (vTS — Ts{t} (Ut{Z} + TS{Z} vaS})
7 (viZ} +Ts{z}v§Ts}) +Ts{z}vgs}) 9

T
+ (v%} — it} (vt{t} + 1t vt{TS})

~Tf (o Tl ) i offY) O
to the conservation equation, T
Pr(l)ﬁ(f) =ow,c1 +ow,c2 + (T — Ts) +vr b
+or, (4c3T2 — h) + v4(0) + v, (0)
z z z Ts
+ (U%} — it} (vt{ } + T }vt{ })
_ri# (,Uiz} T UiTs}) + 1l U%L}) ey
+ (UE} — it (Ut{t} + it vaS})
7 (,Uit} + T UiTS}) + it U;STS}) e
= 0. (14)

The prolongation can be restricted to the manifold by first
obtaining an expression for one of the variables (which has
a non-vanishing coefficient) in terms of the other variables,
as determined by the conservation equation. Generally,
the least complicated derivations will be necessary if one
solves for the partial derivative, say T, Thus, from the
conservation equation,

Tt W + Wi + e T + h(

Cs

Too — Ty) + cs T}

Substituting this expression into the infinitesimal cnte%a
of equation (14) gives
Pr(l)i(f) =vw,c1 +ow,c2 + op(Too — Ts) + v b

+ur, (4c3T2 — h) + 5 (v%} —T1i# vit})
+ca (U%} — iz (UEZ} + 1l U{TS}) + 1 U{STS})
_05(Ts{t})21}t{T} T{t} (64 ( {z} +T{z} {Ts })

+cs (Ut{t} + T it - U%T}))

=0.
This equation must hold for all TS{Z}. Therefore, the
functions corresponding to the coefficients of T must
be zero. Consequently, after collecting this monomial and

the constant monomial, it is apparent that the following
cond|t|ons must be satisfied

- (04 U{ = cs UZ{Z}) + (eq AL vZ{t}) (16)
5
oo™ 50T =0
Cs

¢ vw, + ca vw, + h(vr, vr,) +op (T — Ts)
+4cy3 T, vr, + 2—4 (re vfz} —cs T, {Z}) a7)
5

+(re vf - cs UTs{t}) — E(rc vaS} —c3 UTS{TS}) =0
where “
re=cit Wy + e Wi+ h(Too — Ts) + c3 T
A basis (77) can be found after finding the most genera
solution for the unknowns, v,,(Z). The most general
solution for equation (16) is e
Vy = gvt +q

where g, isan arbitrary function satisfying

ca gt s gt —r gt =0

The exact form of g; need not be found since v, does not
appear in the second equation. Equation (17) is a nonlinear
PDE that cannot be solved analytically with the current
state of the art. However, for very short time periods, one
may approximate W, W, h, and T, as constant. If an
invariant is found under these conditions, then resources
can be allocated to attempt to generalize it. Conversely,
if no invariants are found under these conditions, it is
highly unlikely that they will exist in general because the
approximation only involves variables that are independent
of T;. Using this approximation, the conservation equation



may be rewritten as
clU{t} + czU{Z} + c3U + C4U4 +c5=0 (18)

where U representsT’s. Thetangent vector for thisequation

is
S )
VTS ar T "ot T oz
and the infinitesimal criterion yields a system of equations

arevery similar to equation (16) and equation (17)

Z—i (co Ut{z} - UZ{Z}) + (e vt — e vz{t}) (19)
Te
a(cz vt{U} —cviV) =0

(c3 +4ca U)oy + Z—Z (re vt{z} — cropt) (20)
1

r

+(r¢ vt{t} - vU{t}) — C—C(rc vt{U} —c vU{U}) =0

1
where

re = c3U + C4U4 + C5.

A basis (77) can be found after finding the most general
solution for the unknowns, v, (7). The most general
solution for equation (19) is

C

vy = C—QUt + 0
1
where g, isan arbitrary function satisfying
c1 gft} + co gfz} -7 ng} =0.

The exact form of g; need not be found since v, does not
appear in the second equation. The second equation may

be solved for v,
<_éut + gz)
where g, is an arbitrary function satisfying
cr g8 + o2 i —re gl =0
although al that really need be known about g isthat it is
an arbitrary function.

These solutions are substituted into the tangent vector,
0 0

=|Tc clvt g2 oU ”tat clvt g1 92

Vu =T¢

—a (2 4 ON, (8 10 20
=9 \az) T \"au) T \ot T qou T oz)

Therefore, the basisis
. 0 0 re O 0 ¢ 0
"= {a—W“W Tata }
B 0 0 0
- {8t’ az’”aU} '
A constant function and the original conservation equation
are the only solutions of these three generators. Therefore,
only trivial invariants exist for this differential form of the
conservation equation. Similar results were found for the
finite-difference form of the conservation equation.

c1 0z

5. Conclusions

Prior to thisbody of research, no published attempts have
been made at applying Lie group analysisto LWIR imagery.
The current work considers absolute intensity invariants of
asingle point in LWIR imagery and it is not surprising that
only trivial invariants exist for this case. The techniques of
Lie group analysis provides a powerful tool for construct-
ing functions that can serve as classifier features for object
recognition problems. An advantage of these techniquesis
that they are not sensor specific. Thus, this approach is ap-
plicableto datafrom all parts of the frequency spectrum.

This work, aong with further developments, applica
tions, and experiments in [1], form the foundation of the
theory needed for future work in simultaneous covariants
(a generalization of relative invariants and absolute invari-
ants). The theory of simultaneous covariants will allow us
to (analytically) consider the more general cases of severa
points changing together through time. Furthermore, the
rigorous definition of quasi-invariants developed in [2] will
provide empirical solutions that are equally useful. We be-
lievethat these are the tools and techniqueswhich will allow
the next generation of object recognition systems to handle
general scenarios and sensors.
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